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WEIGHTED NORM INEQUALITIES
FOR INTEGRAL OPERATORS

IGOR E. VERBITSKY AND RICHARD L. WHEEDEN

ABSTRACT. We consider a large class of positive integral operators acting on
functions which are defined on a space of homogeneous type with a group struc-
ture. We show that any such operator has a discrete (dyadic) version which
is always essentially equivalent in norm to the original operator. As an appli-
cation, we study conditions of “testing type,” like those initially introduced
by E. Sawyer in relation to the Hardy-Littlewood maximal function, which
determine when a positive integral operator satisfies two-weight weak-type or
strong-type (LP, L9) estimates. We show that in such a space it is possible to
characterize these estimates by testing them only over “cubes”. We also study
some pointwise conditions which are sufficient for strong-type estimates and
have applications to solvability of certain nonlinear equations.

1. INTRODUCTION

Our main purpose in this paper is to continue studying conditions which deter-
mine when a positive integral operator satisfies two-weight weak-type or strong-type
(LP, L?) estimates. We consider integral operators of the form

(L.1) T(f do)(x) = /X K(z,y) f(y)do(y), @€ X,

where X is a space of homogeneous type in the sense of [CW] which is also equipped
with a group structure (a precise definition is given below), o is a nonnegative Borel
measure, and K (x,y) > 0. If K satisfies some further restrictions, we will define a
dyadic version of T" which is pointwise smaller than T but still essentially equivalent
to T in norm. We will use the dyadic version of T to study both the weak-type
estimate

(1.2) pl{z € X : T(fdo)(x) > p}/" < c|lfllz, p>0,
and the strong-type estimate
(1.3) T (f do)llrg, < cllfllrs

in case 1 < p < ¢ < 00. Here w and o are nonnegative Borel measures on X, |E|,
denotes the w-measure of a set E, and

Isiles = ( [, If(sv)lpda(:v)>1/p, L <p<oo
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We also treat the case p = 1 and 1 < ¢ < oo for the weak-type estimate. In
order to avoid obvious complications which occur when ¢ and w have joint atoms,
a standing assumption throughout the paper will be that ¢ vanishes on sets which
consist of a single point. We will use this assumption wherever the dyadic version
of T is involved.

We will first study some further conditions of “testing type”, as defined below, on
the measures w, o which completely determine when (1.2) or (1.3) holds. Conditions
of this type were initially introduced by E. Sawyer in [S1] in relation to the Hardy-
Littlewood maximal function, and later studied in [S2], [S3] in relation to fractional
integrals in case X is Euclidean space, and they have been studied recently in more
generality in [SW], [SWZ] and [WZ]. Some conditions of a different type were also
studied in [SW] and [SWZ] (see also the references in these papers).

For our results about testing conditions, we are specifically interested in showing
that it is possible to characterize (1.2) or (1.3) by testing these estimates only over
“cubes”, in a sense which we shall make precise. It is proved in [WZ] that it is
enough to test over balls in any space of homogeneous type, even if there is no
group structure. Although cubes and balls are essentially equivalent from the point
of view of containment, it is not obvious that testing with balls and testing with
cubes are equivalent characterizations for the norm estimates, since the measures
w, o are not assumed to satisfy doubling conditions.

We will also study some pointwise conditions like those in [MV], [VW] and [KV]
which are sufficient in order for the strong-type estimate (1.3) to hold in case p = q.
These conditions imply not only (1.3), but also the inequalities

T (fdo)llre, <eillflleg, G=0,1,2,...,

where wy = w and dw; = [T'(1dw;_1)]P'do (j =1,2,...). Here 1/p+1/p’ =1 and

T(1dw)(z) = /XK(x,y) dw(y), =€ X.

Inequalities of this type arise in applications of weighted norm inequalities to the
problem of the existence of nonnegative solutions for the “superlinear” integral
equation

ulz) = /X K(z,y)u(y)? do(y) + f(z), =€ X,

where ¢ > 1 and f is a nonnegative measurable function on X. The pointwise
conditions are necessary and sufficient for the solvability of the equation above and
in some cases are also necessary for (1.3) to hold. (See [VW] and [KV].)

In order to be more precise, we now list some relevant definitions. A homogeneous
space (X, d, 1) in the sense of [CW] is a set X together with a quasi-metric d and
a doubling measure p. By a quasi-metric, we mean a mapping d : X x X — [0,00)
which satisfies

(1) d(z,y) =0 if and only if =z =y,
(1.4) (2) d(z,y) =d(y,z) forall z,ye X,
(3) d(z,y) < k(d(z,2) + d(z,y)) forall =z,y,zeX,
where £ > 1 is a constant which is independent of z,y, and z. By a doubling

measure p on X we mean a (locally finite) nonnegative measure on the Borel subsets
of X so that |B(z,2r)|, < Cyu|B(z,r)|, for all z € X and r > 0, where B(z,r) =
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{y € X : d(z,y) < r} is the ball centered at « with radius r, and |B(z, )|, is the
p-measure of B(z,r). The constant C), is called the doubling constant of x and is
independent of x and r. We assume that all balls B(z,r) in X are open. We shall
also assume that all annuli B(z, R) \ B(z,r) in X are nonempty for 0 < r < R. As
usual, if B = B(z,r) and ¢ > 0, we denote by ¢B the ball B(z, cr).

It has been proved in [SW] that for A = 8x°, and for any (large negative) integer
m, there are points {xf} and a family D,,, = {Ej’“} of sets for k =m,m+1,... and
7 =1,2,... such that

(i) B(ah, \F) C EF C B(ak, AP,
(ii) For each k=m,m-+1,...,

(1.5) X = UEJ’“ and {Ejk} are pairwise disjoint in 7,
J
(i)  If k<l theneither EFNE!=0 or E}cCE.

o0
We shall say that the family D = |J D, is a dyadic cube decomposition of
m=—o00

X, and call sets in D dyadic cubes and denote them by (. We note that the
cubes in D,,, may have no relation to those in D,,, if m; and mqy are different. If
Q= Ej’C € D,, for some m, we say @ is centered at x;’?, and define the sidelength of
Q to be £(Q) = A\*. We also denote by Q* the containing ball B(x;’?, ML) of Q. A
construction of a dyadic grid which includes nestedness even for arbitrarily small
cubes is given in [C], but in the properties listed there, the cubes of a given size
may not completely cover X, omitting a subset of y-measure zero, which may not
be adequate when we deal with measures that are not absolutely continuous with
respect to pu.

We will usually assume that (X, d, 1) has a group structure with respect to the
operation “+”, and that the following properties are satisfied for all z,y, z € X and
all balls B in X:

(1) dx+z,y+2) =d(x,y),

1.6
(16) (2) |-B+z|,=|Bly where —B={xeX:—x¢€ B}

The group may not be commutative, and we could replace the right invariance in
(1.6) by left invariance.

The kernel K (z,y) of T is always assumed to be a nonnegative function which
satisfies

K($7y) < Cl K(xlay) if d(x/ay) < C? d(xuy)7

4o Klay) < C K(e,y) i d(z,y) < Crd(e,y),

where C1, Cs are fixed constants larger than 1.

One of our main results involves a new discrete (dyadic) version of the operator
T(fdo), which we now discuss. A more thorough discussion is given in the next
section. If B is a ball in X with radius r(B), we define (see [SW])

p(B)=  sup  K(z,y),
z,yeB
d(z,y)>cr(B)
where ¢ is a suitably small positive constant depending only on the quasimetric
constant k. Let G denote any fixed dyadic grid of cubes Q. Typically, G = D,, + z,
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i.e.,
g:{Ef—l—z:kEm,jZl}

for fixed m and z, where the cubes Ejk are as in (1.5). Given z € X and a cube Q in
G which contains z, define P(Q, x) to be the next smaller cube in G which contains
z, i.e., if the sidelength of Q is A¥, then P(Q,r) is the cube in G which contains =
whose sidelength is A*~1; if no such cube exists (i.e., if Q is a minimal cube in G),
define P(Q, z) to be empty. Of course, P(Q, z) also depends on G, but we shall not
display this dependence in the notation. The dyadic version of T'(f do) which will
play an important role in our results is defined by

(1.9 (fdn)e) = Y s [ fw)dolw).

QeG:zeQ Q\P(Q,r)
for f > 0, where ¢ is defined to be ¢(Q*), Q@* being the containing ball of () defined
earlier (see (1.5)). This function is clearly pointwise smaller than the closely related
function

T(fdo)o) = Y oo [ f)doty)
Qeg:xeQ Q

formed by integrating over all of @ rather than over just @ \ P(Q, x). We shall see

that tg(f do) is also pointwise smaller than T'(f do) but still essentially comparable

in norm to T'(f do). We will prove the following result, in which we use the standard

notation

1fllg= = sup p{z € X : |f(x)| > p}/
p>0

in case 1 < g < .

Theorem 1.1. Let 1 < g < oo, and let o and w be locally finite Borel measures on
a homogeneous space X with a group operation “+” which satisfies (1.6). Let T be
defined by (1.1) with a kernel which satisfies (1.7). Then for oll x € X and any
dyadic grid G,

tg(f do)(x) < CT(f do)(x)
with C depending only on k and the constants in (1.7), but not on G, z, f, or o.
Moreover,
T (fdo)lly <C  sup letvm+z(fd0)||m

zeX,me

with C independent of f,o and w. Thus the last inequality is an equivalence, with
constants of equivalence which are independent of f, o and w; this equivalence also
holds with || - || s replaced by || - ||pa= if 1 < ¢ < 0.

The larger function Tg(f do) was considered in [SW] and [SWZ], and is simi-
larly related to T'(f do) with one drawback: the pointwise estimate Tg(f do)(z) <
c¢T(fdo)(x) is only known to hold with an extra hypothesis on K (see (1.24) of
[SW]).

It is worth noting that the discrete operator tg has a symmetric kernel (see
section 2), while this is not necessarily the case for T. We shall denote the adjoint
of T by T, so that

(1.9) mewzﬂmemwwmyex
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One of the immediate consequences of Theorem 1.1 (applied to both T'(f do) and
T*(f do)) is the following useful fact.

Corollary 1.1. Under the assumptions of Theorem 1.1, the functions T'(f do)(z),
and T*(f do)(z) have equivalent L -norms, with the constants of equivalence inde-
pendent of f, 0 and w. The same is true for weak L1 norms when 1 < q¢ < oco.

In order to put our results about testing conditions in perspective, let us describe
some of what is known about such conditions. For simplicity, we discuss this history
primarily for strong-type estimates. The strong-type estimate (1.3) is of course
equivalent to the dual estimate

(1.3%) T (f )l < elIfl-

where 1/p+1/p' =1 and 1/g+ 1/¢' = 1. In [SWZ], it is shown that (1.3) holds
for all f if and only if both (1.3) and (1.3*) hold for all f which are characteristic
functions x¢ of dyadic cubes, i.e., (1.3) holds if and only if both

1/q
(1.10) ([ r0gaoras) < el
X
/ 1/p, !
(1.11) (/ T*(xq dw)? dcr) < C|Q|Llu/q
X

hold for all @ € D. This result is true without assuming any group structure for
X. In case X is Euclidean space with the usual metric, this sort of result was
considered in [S3].

On the other hand, as is shown in [SWZ] , it is not sufficient even in Euclidean
space to replace the integration over X in either (1.10) or (1.11) by integration
over @ (for dyadic Q). It is enough, in any homogeneous space, to replace the
integration over X by integration over appropriate enlargements of @), for all dyadic
Q; for specific results of this kind, see Theorem 1.2 of [SWZ]. Such results have
useful applications to half-space estimates (e.g., Poisson integral estimates can be
derived as corollaries of them, rather than requiring direct proofs; see the comments
following Theorem 1.6 in [SWZ]).

It was recently shown in [WZ] that there is a “B, B, B” characterization of (1.3)
for balls B, i.e., that (1.3) holds if and only if both

1/q
(1.12) </ T(XBdg)qdw> < c|BJV/,
B
, 1/p ,
113) ([ 7t an) " <clpl
B

hold for all balls B in X, without assuming any group structure for X. Previously,
such a result was not known even in Euclidean space. As an application of Theorem
1.1, we will show that if X has a group structure, then there is an analogous result
with balls replaced by translates of dyadic cubes. More precisely, we will prove the
following theorem.

Theorem 1.2. Letl < p < q < 00, and let 0 and w be locally finite Borel measures
on a homogeneous space X with a group operation “+” which satisfies (1.6). Let
T be defined by (1.1) with a kernel which satisfies (1.7). Then the strong-type
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estimate (1.8) holds for all Borel measurable functions f, with a constant ¢ that is
independent of f, if and only if there exists a constant ¢ such that both

1/q
(1.14) </ T(xq+-do)? dw) <c|Q+ 2|7,
Q+z
’ 1/1)/ ’
(1.15) (/ T*(XQ4-dw)? do*) <clQ+ 2|11
Q+z

hold for all dyadic cubes Q € D and all z € X.

A similar result is proved in Theorem 1.3 of [SWZ], but with an additional
condition on the kernel K of T' (namely, condition (1.15) of [SWZ]).

For example, if X is Euclidean space with the usual structure, and D is the usual
grid of dyadic cubes, then @ + z is also a cube whenever Q € D, and consequently,
(1.3) is true if for all cubes J, dyadic or not, we assume the analogues of (1.14) and
(1.15) with @ + z replaced everywhere by J, for all cubes J. Moreover, since these
analogues with J are clearly necessary for (1.3), it follows that there is a “J, J, J”
characterization of (1.3) in Euclidean space, for all cubes J, dyadic or not. This
answers a question raised in [S3, Remark 2].

We will also prove the following analogous result concerning the weak-type esti-
mate (1.2).

Theorem 1.3. Let 1 < p < g < oo, and let o and w be locally finite Borel mea-
sures on a homogeneous space X with a group operation “+7 which satisfies (1.6).
Let T be defined by (1.1) with a kernel which satisfies (1.7). Then the weak-type
estimate (1.2) holds for all Borel measurable functions f, with a constant ¢ that is
independent of f, if and only if there exists a constant ¢ such that

1/p'
(1.16) (/ T* (xQt-dw)? da> <clQ+z|Ye
Q+z

for all dyadic cubes Q € D and all z € X.

Again, in Euclidean space with the usual structure, it then follows that the weak-
type estimate (1.2) is true if and only if for all cubes J, dyadic or not, the analogue
of (1.16) with @ + z replaced everywhere by J holds. In a slightly more restricted
form, this sort of result was first proved in [S2]. In a homogeneous space, even
without a group structure, a corresponding result of the B, B, B type for balls B
was derived in [WZ], as mentioned earlier.

As the proof will show, Theorem 1.3 remains true for p = 1 and 1 < ¢ < oo if
we replace (1.16) by

(1.17) o-esssup T (xg+-dw)(z) < C'|Q + z|}d/ql
rzeQ+z2

for all z € X and @ € D.

Our pointwise results hold for kernels satisfying (1.7) in the (more difficult) case
p=gq.
Theorem 1.4. Let 1 < p < oo, and let 0 and w be locally finite Borel measures
on a homogeneous space X with a group operation “+” which satisfies (1.6). Let T



WEIGHTED NORM INEQUALITIES FOR INTEGRAL OPERATORS 3377

be defined by (1.1) with a kernel which satisfies (1.7). Suppose T'(1 dw)(x) € Lgiloc
and

(1.18) T [T(1dw)? do)(z) < CT(1dw)(z) do-a.e.
Then the inequality
(1.19) T(f do)llre < cllfllre

holds with a constant c independent of f, where @ is defined by

d@@:TuwW@wdmzLAK@wmmwrddm

Note that (1.19) always implies (1.3) with p = g (see section 4, Corollary 4.2).
There is also a version of Theorem 1.4 which is valid without the group structure as-
sumption, with (1.18) replaced by its analogue involving the adjoint kernel (Lemma
4.2).

The proof of Theorem 1.4 makes use of our results on the discrete operator
(Corollary 1.1) and is based on the useful inequality (see Lemma 4.1)

(1.20) [T(f do)(@)]? < CTIf T(f do)"~" do](x),

where f € L}y)loc (f >0),1 < p< oo, and C depends only on p, k, and the constant
Cy from (1.7). In the special case of Riesz potentials, Theorem 1.4 (with a more
difficult proof based on weak-type inequalities and interpolation) was obtained in
[VW].

We will show later by using Theorem 1.1 that Theorem 1.4 remains true if one
replaces the pointwise condition (1.18) by its discrete analogue

(1.21) tg [tg(1dw)? do)(z) < Ctg(ldw)(z) do-ae.,

where C' does not depend on the grid G = D,,, + z.

Theorem 1.1 and some other facts about tg are proved in section 2. The proofs
of Theorems 1.2 and 1.3 are given in section 3, the strong-type result being proved
last as a corollary of the weak-type result and the X, Q, @ fact indicated in (1.10)
and (1.11). In both these sections, in order to save repetition, we will use some
facts and arguments from [SW] and [SWZ], but we give explicit references when
this is the case. Theorem 1.4 and some other related pointwise results are proved
in section 4.

2. THE DISCRETE OPERATOR

To prove Theorem 1.1, we will use some minor variants of tg which we now
describe. Let G denote the dyadic grid D, + z,

g:{Ef—l—z:kEm,jZl}

for fixed m and z, where the cubes EJ’~C are as in (1.5). The value of X in (1.5) is
assumed to be fixed: A\ = 8x°. If Q is a cube in G, then Q = EJ’~C + z for some j
and k, and we will say that @ is a cube of level k. Given x € X and a cube @ in
G which contains z, and given M = 1,2,..., define Py (Q, ) to be the cube in G
which contains x and which is M levels below @); if no such cube exists, i.e., if @
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belongs to one of the first M — 1 levels of G, define Py (Q, ) to be empty. Clearly,
Py (Q,x) C @, due to the dyadic structure of G. Let

(2.1) talfdo)o) = 3 b0 [ e,

QEG: zcQ Q\Prm (Q,x)

for f > 0, where ¢¢ is defined to be ¢(Q*), Q* being the containing ball of Q.
Thus, if z is fixed and {Qx}r>m is the sequence of cubes of G containing =, Qg
being of level k, then

m+M-—1

(2.2) tg m( (fdo)(z Z ¢Qk/ fdo+ Z ¢Qk/ fdo.

k=m-+M Qi\Qr—nm
Note that when M = 1, we have tg1 = tg and Pi(Q,z) = P(Q,z). It is easy to
see that

g(fdo)(x / k(z,y) f(y) do(y),

where the kernel k(z,y) is defined by k(z,y) = ¢g(a,y); here Q(x,y) is the smallest
cube in G containing both 2 and y. In particular, k(x,y) is symmetric.
We also define, for f > 0,

(2.3) To(fdo)a) = 3 ¢o / /() do(y
QEG: zeQ

and

(2.4 Mo(fdo)@) = s q | f)doty)
QeG:zeQ

The operator Tg(f do) was defined in [SW] and [SWZ]. Its kernel K (z,y) can be

written as
K(z,y) = Yo bo= daxel@) xeW)
QEG:QDQ(z,y) Qeg

Lemma 2.1. For all z,

(i) e Mg(fdo)(z) <tg(fdo)(x) < Tg(f do)(x),

(i) tg(fdo)(z) <tgum(fdo)(x) < catg(fdo)(x),

where ¢1 and co are positive constants which depend only on k and the constants in
(1.7), and co also depends on M (but c¢1, c2 do not depend on G, x, f or o).

Proof. The second inequality in (i) is obvious. To prove the first inequality in (i),
fix z and a cube @ in G which contains x. Write

l

Q=Qnu |J (@k\Qk),

k=m+1

where @y is the cube of level k containing x, and Q; = Q. We will use the fact (see
(4.3) of [SWZ]) that if I and J are cubes in G with I C J, then ¢; < C ¢y with C
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depending only on x and the constants in (1.7). Thus,

q [ rdr=sq l/@mfda+k_m+1/m\cszdal

Xl:aﬁm/

k=m-+1 Qr\Qr—1

l

(2.5)
<C

qme/Q fdo+ fdcr],

(since Qi C @ and so ¢g < C ¢q, for all k with m < k <)
< Ctg(fdo)(x) by (2.1) with M =1.

This completes the proof of part (i).

To prove part (ii), fix  and let {Qx}x>m be the cubes in G which contain x, with
Q a cube of level k. Fix M. The first estimate in (ii) is clearly true by using term-
by-term comparison of the sums (2.2) for tg s and tg, together with the nestedness
property Qr C Qr+1. To prove the second estimate in part (ii), consider a term in
the second sum on the right of (2.2), i.e., a value of k with k > m + M. Then

ba /Qk\QkadazoﬁQk 5 [ i

j=k—M+17Qi\Qj—1

k
S C Z ¢Qj / de',
j=k—M+1 Qi\Qj-1

as before since Q; C Qy for j < k. Summing this over & > m + M and changing
the order of summation shows that the second sum in (2.2) is at most

9] J+M—-1

c > 21%/ fdo

j=m+1 k=j Qi\Qj-1

e i quQj/ Fdo < C Mtg(f do)(a).

j=m+1 Qi\Qj—1
Also, for a term in the first sum in (2.2), i.e., for k =m,... ,m+ M —1, as in (2.5),

> [ ia

b0, | fdo<cC aﬁQm/ Jdo+
Qm j=m+1 Qj\Qj-1

Qk

< Ctg(f do)(x).

Again adding over such k, we see that the first sum in (2.2) is also bounded by
C M tg(f do)(z). This proves the lemma. |

Lemma 2.2. For all x,

T(f do)(x)
T*(f do)(x)

with C' depending only on r and the constants in (1.7), but not on G,x, f, or o.

tg(f do)(zx) <C {

Note that the first estimate in Lemma 2.2 is the same as in the first part of
Theorem 1.1.
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Proof. As mentioned earlier, similar estimates hold with ¢g replaced by Tg provided
we make an extra assumption on the kernel K. Fix x and let {Q }x>m be the cubes
in G which contain z, as usual, with @,,,—1 empty. Then

g(fdo)( DQ, / fdo.
]€>Zm Qr\Qr—1

By (4.1) of [SWZ], ¢g, < CK(z,y) if x,y € Q, with C independent of k, z,y and
G. Thus, the last sum is at most

oz/ K (2,y) do(y)

k>m Y Qr\Qr-1

<c/ Fy) K (2, ) do(y) = CT(f do) ().

This proves the first inequality in the lemma. Since K (x,y) may be replaced above
by K(y,z), the second inequality follows similarly, and Lemma 2.2 is proved. O

For each m € Z, consider the truncated operator T, defined by

e Tafdw = [ K@) f)de), ve X

as in [SW]. We recall the notation
1fllg= = sup pl{z € X« |f(@)] > Y.
p

The following lemma, which improves Lemma 4.7 of [SW] and Lemma 3.1 of
[SWZ], contains the remaining parts of Theorem 1.1.

Lemma 2.3. For1 < q < o0,
[T (f do)||ps < C sup [tD,+2(f do)l| g
zE

and
IT(fdo)|lLg <C  sup ZIItDm+z(de)||Lg

zeX,me

with C independent of m, f and w. For 1 < q < 0o, the same estimates hold with
|- Ilze replaced by || - || Lo

Lemma 2.3 in fact holds for any norm. With ¢p_ 1. (f do) replaced by the larger
function Tp, +,(f do), Lemma 2.3 becomes the results in [SW] and [SWZ] men-
tioned above.

Proof. We adapt Lemma 4.7 of [SW], indicating the essential changes. Fix m, and
for k € Z, k > m, define the truncation at infinity of the operator T,, by

Th(f do)(o) = | K(z.9) f(y) do(y)
{yeX: Am<d(z,y) <Ak}

Let B, denote the ball of radius A\¥ about the identity element in X. We claim that
for x € By,

(2.7) Www>ai—/t%wwmww
B3

| Br+3|u
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We recall that tp,, 1. (f do)(x) means tp,,4+.,1(f do)(z), which by Lemma 2.1 (ii) is
equivalent to tp,, +» am(f do)(x) uniformly in m, z,z and f. Thus, for x € By, k >
m, and M to be chosen,

1

| Bit3|u

[ ot do)@)duce)
Brts

1

>C
=M | B3|

/ tp,+2,m (f do)(z) du(z)
B3

1
ZCM/X m ‘/Bk+3 Z b+ | du(z) | f(y)do(y)

QEDp,, z,y€Q+2
y¢Pum (Q+2,2)

by (2.1). We point out that the cube Pp(Q + z,2) depends on the grid, which is
D,, + z in the inner sum above.

Momentarily fix y with A™ < d(z,y) < A* and choose | € Z with \I=! <
d(z,y) <X, m <1<k Let Q be the set of all z € Byt 3 so that there is a cube
Q € D,, with s(Q) = NT! 2,y € Q+ 2z and y ¢ Py (Q + z,2). For such a cube Q,
we have ¢g1, > C K(z,y), and so the last expression exceeds

1€,

Cwm
| Br+3|u

Ty (f do)().
This will imply (2.7) provided we also prove that
(2.8) Q> C|Bislu-

Before proving (2.8), we note that the conclusion of the lemma follows from (2.7)
since Minkowski’s inequality then implies

1
1T (f do)ll L sy <

o / e, +2(f o)1, du(z)
|Bk+3|ﬂ Bk+3

< C sup ||tp,, +-(f do)|| s,
ze€X

and the first inequality of the lemma follows by letting & — oco. The second in-
equality follows from the first by letting m — —oo. (Here and below we assume
that o({z}) = 0 for all x € X when letting m — —oo and using the monotone
convergence theorem, because the domain of integration will be X \ {z}, which
cannot be replaced by X if z is a joint atom of w and o.)

The analogous weak-type estimates are proved similarly since || - ||y is a norm
for 1 < g < 0.

It remains to prove (2.8). The proof is similar to that of (4.9) of [SW]. Let

_ofs .l k+2
T = {j: EXU 0 Ba, AV42) £ 0),
where {E;}iZm,j21 are the cubes in D;s. In particular,
141 yI+1 I+1 141 yi42
B(x;7 A7) C BT C B(aim L AT,

Now suppose that z € —B(xé-“,)\l) + 2. Then both z,y € Eé-“ + z as in [SW,

p. 868]. We claim that y ¢ PM(E;-+1 + z,z) if M is sufficiently large and fixed,
M = 4 for example. We may assume that [ + 1 > M + m, since otherwise there
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is nothing to prove. Since x — z € E;-H, we then have z — z € Ef’Ll_M for some
i, and therefore Py (EST + z,2) = E/P'"M 4 2. If y € E]*'™™ 4 2, then both
d(y — 2,2 17M)y < NH2-M and d(z — 2,21 M

[iat)

) < AH2=M “and consequently
N7t <d(z,y) =d(x — 2,y — 2) < gNF2TM 4 \F22M)
— o NF2-M o \IH3-M
which is impossible if M = 4. This proves our claim.

It follows that if j € I' and M = 4, then —B(z!™", \') + x satisfies all the

requirements for being a subset of Q except possibly for being a subset of Bys.
The argument to show that it is a subset of Byi3 and the rest of the verification
of (2.8) are the same as in [SW], and we will not repeat them here. This completes
the proof of Lemma 2.3, and so also of Theorem 1.1. O

3. PROOFS OF THE TESTING RESULTS

In order to prove (1.2) for 1 < g < o0, it is enough by the weak-type statement
in Lemma 2.3 to show that

(3.1) lltg(f do)llrg= < CIfllrs
with C independent of G and f. In case p > 1, we shall use the following result.

Theorem 3.1. Suppose that 1 < p < q < 00, w and o are nonnegative measures
on a homogeneous space (X,d, ), and tg(f do) is the dyadic operator defined by
(2.1) with M = 1. Then the weak-type inequality

(3.2) ltg (f do)l|g=~ < e[l f]lg
holds for all f > 0, with ¢ independent of G and f, if and only if

(3.3) (/Q ta(xoQ dw)(;z;)P' da(a:)> Up, < ¢y |Q|le/q’

for all Q in G with co independent of @Q and G. The constants ¢y and co are
equivalent.

We do need to assume that X has a group structure in Theorem 3.1. Moreover,
there is an analogous result with tg replaced everywhere by Tg; its proof is slightly
simpler than the one we shall give for ¢g.

Proof of Theorem 3.1. We first show that (3.3) implies (3.2). Fix f > 0, G and p, q
with 1 < p < ¢ < co. We may assume without loss of generality that G is a (finite)
collection consisting of a finite number of cubes at a certain level together with all
dyadic subcubes of these. The first estimate of Lemma 1.1 (i) remains valid for
such a collection. Since G is finite, tg(f do) is bounded if f € LE.

For p > 0, let

Q, ={zeX: tg(fdo)(z) > p}.

Note that €2, is the union of cubes in G, since if z € Q, and {Q;};>1 is the sequence
of cubes in Gsatisfying z € Q;, @Q; C Q;+1 and Qo = 0, then
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p<to(fdo)e) =3 00, [ fio

i>1 Qi\Qi-1
=tg(fdo)(y) if yeQu,
and consequently, Q1 C £2,.
Fix p > 0 and a large positive number L to be chosen. Write €2,/ = Uj Qj,

where the Q; are the maximal cubes in G which are contained in €2,,;,. By maxi-
mality, the @; are pairwise disjoint. We claim that

(3.4) tg(xqs fdo)(z) <p/2 forall z€Qy,
if L is large enough (independent of G, x, j and f). In case @); happens to be one
of the top level cubes in G, we have {g(xq: fdo) = 0 in Q;, and so (3.4) is then

obvious. If @; is not a top level cube in G, let @j be the next largest cube in G
which contains ();. By maximality, there is a point £ € @; N QZ/L' If x € Qj, then
by the dyadic structure,

tolvas fdo)@) = Y g / fdo

Q€603 Q\P(Q,z)
=¢@,/ fdo+ Y ¢Q/ fdo=1+1I.
T JQN\Q; ~ Q\P(Q,z)
QEG:Q2Q;

We have
I<6g /Q Jdo < Mg(f do)(€) < Ctg(f do)(€)

since & € @j and by Lemma 1.1 (ii), and so

p P .
<C= << .
I_CL<4 if L>4C

Also, if @ 2 @j and z € Q;, then P(Q,x) = P(Q,€), and therefore

m< oy qu/ fdo if ze€Q;
Q\P(Q,)

QEG:Q2Q;
p_p .
<tg(fdo)(§) < <1 if L>4.
Hence, for large L, I + II < p/4+ p/4 = p/2 if z € Q;, and (3.4) is proved in all

cases.
Thus if € Q, N Q;, then

tg(xq, fdo)(z) =tg(f do)(z) —tg(xqs fdo)(z) > p—p/2=p/2.
By integrating over £, N Q;, we obtain

(35) £10,0Q)1 < [ tolna, fdo) do.
Q.

J

Since 2, C Q,/r,

Q,=09,0Q,, = U(Qp NnQ;).

J
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Thus,
p p
5 |Qp|w < Z 5 |Qp n Qj|w
(3.6) ’
< Z/Q tg(xq,; fdo)dw by (3.5).
7 JQ

Let us now show that tg is self-adjoint. First note that if z,y € @ then the
statements y € Q \ P(Q,z) and x € Q \ P(Q,y) are equivalent. Hence, for any
f920,

|ttt an@) @ dotw) = [ 1% /Q o [0 g)dote)

Qeg
zEQ

= [ [ 00 [ varrantot) o) s sty

Qeg
yeR

x)dw(x do
/X 3 6o /Q\PQy)m @) | £v) doy)

Qeg
yeER

_ / to (g dw)(y) £(y) do(y),
X

as desired.
In particular, by (3.6),

P
§10,00 <3 [ 15, o) fdo
7 J

1/p' 1/p
2 (Z |Qj|£,/q/) (Z/Q 1P dcr) by Hélder’s inequality
J J J

1/q' 1/p
2 (Z |Qj|w) (Z/Q fP do) since p’ > ¢
j J i

<ce |Qp/L|3u/q I[fllLe
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since the @; are pairwise disjoint and |J Q; = 2,1, Therefore,

_ _ P4 1/‘1/
1L = o - o1l < 26 L7 {(£) 1200} 11l

and then, for any N > 0, since 0 < p < N implies that 0 < p/L < N, we obtain

1/q
(3.7) sup o |szp|w<2chq-1{ sup pf |Qp|w} 11z
0<p<N 0<p<N

Since 1, is a union of cubes in G and G is finite,

Qo <> Qu=A<oo forall p>0,
Qeg
and so

sup p?(Qple < NTA< oo forany N < oo.
0<p<N

Thus, by dividing in (3.7), we obtain

1/q
{ s o0, b < 2 1 s,
0<p<N
and (3.2) follows with ¢; = 2cy L9~! by letting N — oo and the number of cubes
in G increase.
Conversely, to show that (3.2) implies (3.3), fix @ and note that

1/p’
(/ tg(xq dw)” dU) = sup /tg(xczdw)fdo
X f:f>0 JXx
=1

= sup / tg(fdo)dw since tg is self-adjoint
f:f20 JQ
1Filg=1

— s / € Q: to(fdo)(z) > p}ldp
=2, 70

< sup [ min(Qlu (e llflla/)") dp by (32)
f: 20 Jo
11z =1

e Q|5 ) e\ ?
<[ Qldo+ [ <—) dp
0 clQla/e \ P

=26 Q7.
This proves (3.3) with ¢o = 2¢1, and so completes the proof of Theorem 3.1. O

Remark. Minor modifications of the proof show that Theorem 3.1 remains true for
p=1and 1< ¢ < oo if (3.3) is replaced by

o-esssuptg(xo dw)(z) < co |Q|i,/q,.
z€EQ
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Proof of Theorem 1.3. As noted before, in order to prove (1.2), it is enough to
prove (3.1) (or (3.2)) with a constant independent of G and f, where G = D,,, + 2.
Hypothesis (1.16) together with the second part of Lemma 2.2 implies that

(/th(xde)(x)p/ dg(x)>l/p, < ClO[/

for all @ € G for any such G, with C' independent of @ and G. This is the same
as (3.3), and consequently, the desired result follows immediately from Theorem
3.1. Conversely, the fact that (1.2) implies (1.16) can be proved by making minor
modifications in the corresponding argument used for Theorem 3.1. We omit the
details. O

Proof of Theorem 1.2. Testing (1.3) and (1.3*) with f = xg+. gives (1.14) and
(1.15) immediately. It is then enough to prove that (1.14) and (1.15) together
imply (1.3), and so, as explained in the introduction, it is enough to show that
they imply both (1.10) and (1.11) for every @ € D. To check (1.11), fix @ € D and
apply the same argument that we used above in the proof of Theorem 3.1 to show
that (3.2) implies (3.3), but with ¢g replaced by T*. Since the adjoint of T* is T,
and since the weak-type estimate (1.2) follows by Theorem 1.3 from (1.15) (note
that (1.15) and (1.16) are the same), we obtain (1.11) in this way. Similarly, by
applying Theorem (1.3) to 7™ and using (1.14), we see that (1.10) holds, and the
proof is complete. O

4. POINTWISE RESULTS

To prove Theorem 1.4 we will need several lemmas. As in sections 1-3, we
assume that K satisfies (1.7) and that all annuli in X are nonempty. From the
latter assumption it follows (see [SW]) that the constant Cs in (1.7) may be chosen
to be arbitrarily large. We will assume that Cy > 2k, where k is the quasi-metric
constant in (1.4).

Lemma 4.1. Suppose 1 < p < oo and w is a locally finite Borel measure on X.
Then

P p—1
an | [ wepan)| <o [ Koo |[ Keowe)| wo.
X X X
where C' depends only on k, Cq, and p.
Proof. We will first prove (4.1) for « € X such that [, K(x,y)dw(y) < co. Let

I [ Ky doty)
and
7= [ K[ K(w)dw(z)r_l do(y).

Let us show that I? < C'J, where C depends only on «, C1, and p. In what follows
we may assume J < IP. (Otherwise the desired inequality is obvious.)
First we consider the case 1 < p < 2. Then

= [ ke | [ K(m)dw(z)],,_l doy) < I + I,
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where
- qp—1

n=[ Kew || K2 do(z)|  doly),
X {z:d(y,z)<C2d(z,z)}

and
- qp—1

b= [ Ky | K(,2)do(s)| defy),
X {z:d(y,2)>C2d(z,2)}

By (1.7), in the inside integral for I; we have K(z,z) < Cy K(y, z). Thus,

(4.2) hgﬂ}@@{AaKmawaJW@zw*l

To estimate Is, we use Holder’s inequality with exponents 1/(p—1) and 1/(2—p):

p—1
(43) L <IP {/X K(x,y) [/{z:d(y,z)>02 - K(z,2) dw(z)] dw(y)} )

By Fubini’s theorem

/ K(x,y) [/ K(z,2) dw(z)] dw(y)
X {z:d(y,z)>C2 d(x,2)}

:/ K(z,z) [/ K(z,y) dw(y)] dw(z).
X {y: d(y,2)>C2 d(z,2)}
Obviously,

/ K(z,y) doly) < I.
{y: d(y,z)>C2 d(w7z)}

Since p — 1 < 1, we obtain from this

K(z,y) dw(y) < V{ K(z,y) dw(y)] e,

/{y: d(y,z)>Cad(x,z)} y:d(y,z)>C2 d(x,z)}
We next note that
(4.4) {y: dy,2) > Cad(z,2)} C{y: d(y,2) < Cad(z,y)}.
Otherwise, if d(y, z) > Ca d(z, z) and d(y, z) > Cad(z,y), then by (1.4)
C
2d(y,2) > Cad(w, 2) + Cad(,y) = =2 d(y, 2).

which contradicts the fact that Cy > 2k. Thus

K(z,y)dw(y) < / K(z,y) dw(y)

/{y: d(y,2)>C2 d(z,2)} {y:d(z,y)<C2d(z,y)}

sca@K@mw@>
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by (1.7). From the preceding inequalities, we have

/ K(z,y) [/ K(z,2) dw(z)] dw(y)
X {z:d(y,2)>C2d(x,2)}

§I2_p/XK(x,z) [Cl /XK(Z,y)dw(z)r_l dw(z).

From this and (4.3) it follows that

L < 12" {JH /X K(z,2) {cl /X K(z,y)dw(y)r_ldw(z)}

_ Cl(p—1)2 p(2-p) gp—1

p—1

Combining the estimates for I; and I5, we obtain
P <I+1 <P g+ oD peep) -t
where 1 < p < 2. We have assumed J < I? < oo, which implies J < 1P(2~P) jr—1,
From this and the preceding inequality we have
< (crt g O§P—1)2)1p(2—p) Jr=t
which yields
P < Cf_l (1 + Cip—l)(Z—P))l/(P—l) J,

for1<p<2.

We now prove that I? < C'J in the easier case p > 2. We assume again that
I < co. Using a similar inequality for p = 2 proved above and Hoélder’s inequality
with exponent p — 1, we have

reo [ ke | [ Keowe)| o

<C {/X K(z,y) UX K(y,Z)duJ(Z)]p_1 dw(y)}l/(p_l)

y {/){K(z’y) dw(y)}(P—Q)/(p—l)

which clearly implies I? < C'J.

It remains to prove (4.1) for « such that I = [, K(x,y)dw(y) = co. We define
the truncated kernel Ky (N =1,2,...) by Ky(z,y) = min [K (z,y), N]. Tt is easily
seen that Ky satisfies (1.7) with the same constants C; and Cs independent of N.
Since w is locally finite, we see that for all balls B in X

/ Kn(z,y) dw(y) < oo, and sup/ Kn(z,y) dw(y) = oo.
B B,N.JB

= gV @=1) [(=2)/(p=1)

Applying the argument used above, we obtain

UB sz(x,y)dw(y)r < C/BKN(x,y) [/B KN(y,Z)dw(z)]p_l dw(y),
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with a constant C' independent of B and N. Taking the supremum over all B on
both sides of the preceding inequality and letting N — oo , we see that the right-
hand side of (4.1) is also infinite. Thus (4.1) holds for all x € X. The proof of
Lemma 4.1 is complete. O

Applying Lemma 4.1 to dw(x) = f(z) do(x), we immediately obtain the following
statement.

Corollary 4.1. Suppose 1 < p < o0, and f € La 1oe (f >0). Suppose K satisfies
(1.7). Then

(4.5) [T(f do)(x)]” < CT[f T(fdo)’~" do](x),
where C' depends only on k, Cq, and p.
Let

p/
dr(y) = [ @) ) doty) = | [ Ko deta)] doto)
Corollary 4.2. Suppose that the kernel K satisfies (1.7). Suppose 1 < p < 0o and
f € L2. Then the inequality

(4.6) T (fdo)lly, < cllflley

holds with a constant c independent of f if the similar inequality
(4.7) T (fdo)llrs, <ecullfllg

holds with wy in place of w and a constant ¢ independent of f. Moreover,
(48) 1T(f do)l|s < CIT(f do)lIE 1117
where C' is independent of f, o, and w.

Proof. By Corollary 4.1,

(4.9) [T(fdo)(@)]P < CT[fT(fdo)’"" do]().

From this by Fubini’s theorem and Holder’s inequality it follows that
/ T(f do)P dw < C / TUFT(f do)P= do] dw
X b'e

e / FT(f doy ™ T*(1dw) do < C|| || |IT(f do) 75"

which proves (4.8). Then obviously (4.7) and (4.8) yield (4.6). The proof of Corol-
lary 4.2 is complete. O

The next lemma is an analogue of Theorem 1.4 with (1.18) replaced by
(4.10) T* [T*(1 dw)? do](z) < CT*(Ldw)(z) do-a.e.

Here
T*(f dw)(y /Ka:y x)dw(z), yeX.

We set wg = w, and

dwj(y) = T*(Ldw;1)* (y) do(y) = [/X K(z,y) dwj1(z)|  do(y)
for j =1,2.
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Lemma 4.2. Suppose T*(1dw) € ¥ and (4.10) holds, i.e.,

o,loc
(4.11) T*(Ldw)(z) < CT*(1dw)(z) do-a.e.
Then
(4.12) IT(Fdo) e, < e 111 luz.

where ¢; is independent of f (j =0,1,2).

Proof. Tt suffices to prove (4.12) for j = 1, since the case j = 0 then follows

by Corollary 4.2 and the case j = 2 by (4.11). Note that our hypothesis that
T*(1dw) € L}, implies that wy is locally finite, and (4.11) implies that we < C'w;
as measures. We denote by Ty the integral operator

T (f do)(z) = /X Kn(z,y) f(y) do(y)

with the truncated kernel K (z,y) = min [K(z,y), N] in place of K(z,y). As was
mentioned in the proof of Lemma 4.1, Ky satisfies (1.7) with the same constants
C1 and C5 independent of N. We will first prove the inequality

(4.13) TN (f do)llre, < cllfllrs,

By =
with a constant ¢ independent of f € L2 and N. Then (4.12) will follow by letting
N — o0.

We can assume without loss of generality that f > 0 vanishes outside some fixed
ball B in X. By Corollary 4.1 with T in place of T', we have

/TN(fdcr)pdwlgC/ Twlf T (f doy?="] dwr.
X X

Using Fubini’s theorem and Holder’s inequality, as in the proof of Corollary 4.2, we
get

/TN(fdo)pdwlgC/fTN(fdo)p‘lTj{,(ldwl)do
X B

(4.14) Uy
<Clfllas ([ Twtrdorass)
B
By (4.11),
(415) / TN(f dU)pdwg <C / TN(f do)pdwl < 00;
B B

the right-hand side of the preceding inequality is finite because Ty (f do) is obvi-
ously bounded and w; is assumed to be locally finite. Hence the left-hand side of
(4.14) is also finite, and it follows from (4.14) and the first inequality in (4.15) that

1/p
/ TN(de')p dw1 < C||f||L§ (/ TN(fdo)pdwl) < 0.
X X

The preceding inequality implies (4.13), which completes the proof of Lemma 4.2.
O

By applying Lemma 4.2 with the roles of T and T™* interchanged (including the
T* which appears in the definition of w;), and then applying Corollary 1.1 to the
resulting conclusion, we complete the proof of Theorem 1.4.
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Taking into account that tg is self-adjoint, we now show that we can replace
T* in the pointwise condition (4.10) of Lemma 4.2 above by its discrete version
involving tg, where G = D,,, + 2.

Corollary 4.3. Suppose tg(1dw) € LY and

a,loc
(4.15) tolte(1dw)? dol(z) < Ctg(1ldw)(z) do-a.e.,
where C' does not depend on the grid G = Dy, + z. Then (1.19) holds.

Proof. Corollary 4.3 follows from Theorem 1.1 and Theorem 1.4 (applied to tg)
provided we know that the kernel k(z,y) of tg satisfies (1.7). To show that this
is the case, we note that, as was mentioned in section 2, k(z,y) = ¢q(s,y), where
Q(z,y) is the smallest cube in G containing both z and y. Given z, y and z, y’ with
d(z,y") < Cd(z,y), it is easily seen that the smallest dyadic cube Q' = Q(z,y’)
containing both = and y’ is a subset of a fixed enlargement of Q@ = Q(x,y). The
same is obviously true for the corresponding containing balls B’ and B of Q' and Q.
Since k(z,y') = ¢gr = ¢(B’) and k(z,y) = ¢ = ¢(B) by the definition of ¢q, the
desired inequality k(z,y) < Ck(2,y) then follows from the following properties of
¢(B): If B and B’ are balls and B’ C B, then ¢(B) < C ¢(B’); also, for any ball
B we have that ¢(B) < C ¢(2B) (see [SWZ]). Thus ¢(B) < C ¢(B’), which proves
the first property in (1.7). The second one reduces to the first one because k(z,y)
is symmetric. This completes the proof of Corollary 4.3. O
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